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"A moving body will come to rest as soon as the force pushing it no longer acts on it in 
the manner necessary for its propulsion. " Aristotle 



Abstract 

We study the motion of a heavy tracer particle weakly coupled to a dense ideal Bose gas 
exhibiting Bose-Einstein condensation. In the so-called mean- field limit, the dynamics of this 
system approaches one determined by nonlinear Hamiltonian evolution equations describing 
a process of emission of Cerenkov radiation of sound waves into the Bose-Einstein condensate 
along the particle's trajectory. The emission of Cerenkov radiation results in a friction force 
with memory acting on the tracer particle and causing it to decelerate until it comes to rest. 
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1 Introduction 



On the basis of abundant everyday experience, Aristotle formulated a naive dynamical law, 
which, roughly speaking, says that the velocity of a moving body is proportional to the 
external force acting on it and that it approaches a state of rest as soon as the force that has 
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propelled it no longer acts on it. This law captures the phenomenon of friction. We have 
learnt from the discoveries of Galileo, Newton and their followers that Aristotle's law is not 
the right starting point for the development of analytical mechanics. It is the acceleration 
rather than the velocity of a body moving in empty space that is proportional to the force 
acting on it. Yet, particle motion with friction caused by dissipative processes is an omni- 
present phenomenon. It is thus of considerable interest to analyze how this type of motion 
emerges from the Hamiltonian dynamics of particles coupled to a dispersive environment. 

The problem of constructing the effective dynamics of a particle coupled to dispersive 
reservoirs has previously been studied, e.g. in [2J [TJ and references given there. In PJ, we 
have introduced a family of quantum mechanical models describing tracer particles moving 
through a Bose gas exhibiting Bose Einstein condensation. We have identified a regime 
in which the dynamics of this system approaches one governed by classical Hamiltonian 
evolution equations. Similar equations have also been considered in [5j. This so-called 
"mean field regime" is characterized as follows: 

(i) The mass of the tracer particle in chosen to be M p = NM, M > 0, and the potential 
of external forces acting on it is V P (X) = NV(X), where X is the particle position, and 
iV is a parameter ranging over the interval [1, oo). 

(ii) The mean density of the Bose gas is chosen to be p = N^, p > 0, where g is a real 
parameter. The coupling constant of two-body forces between atoms in the Bose gas is 
chosen to be A = k > 0. The two-body forces are derived from a potential 0(x — y) 
assumed to be spherically symmetric, of short range and of positive type, (i.e., 
the two-body force is repulsive in average); x and y denote the positions of two atoms 
in the Bose gas. The mass of an atom is denoted by m. 

(iii) The interaction between the tracer particle and an atom in the Bose gas is described by 
a two-body potential gWix — X), where the coupling constant g is the same parameter 
as the one introduced in (ii) and W is spherically symmetric and of short range. 

The mean-field regime corresponds to the limit 



Remark 1. If the two-body Schrddinger operator — ^A x + gW(x) has bound states and the 
coupling constant k is strictly positive then the "effective mass" of the tracer particle can be 
argued to be proportional to Nm, because it forms a bound state with O(N) atoms of the Bose 
gas. In this situation, the assumption that M p = NM, see (i), is presumably superfluous; 



Heuristic arguments (see [3]), which can be made rigorous, mathematically, for ideal 
Bose gases (k = 0) indicate that, in the mean-field limit ( 11. ip . the dynamics of the system 



iV -> oo. 




see Jf. 
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is described by the following classical, nonlinear Hamiltonian evolution equations: 

Pt = -V x V(X t )+g J V x W{X t -x) (\a t {x)\ 2 -^\dx, (1.2) 



1 

2m ' y y " x ' T \ ~" V£ "' gr 1 



id*(x) = ( -—A + </W(X t - x) ) a t {x) + K * ( |a t (y)| 2 - ^ ) a t {x). (1.3) 



In Eqs. (11.21) and (II. 3p . X t G M 3 and Pt £ B^ 3 are the position and momentum of the tracer 
particle, respectively, at time t, and a t (x) is the Ginzburg-Landau order-parameter field 
describing the state of the Bose gas at time t (in the mean- field limit). The interpretation 
of |a t (x)| 2 is that of the density of atoms at the point x of physical space M. 3 , at time t; the 
global phase of a t is not an observable quantity. The symbol * in (II. 3p denotes convolution. 

We impose the conditions that Va t is square- integrable in x and that | ct t | 2 — p is in- 
tegrable. This defines an affine space of complex- valued functions denoted by Tbg whose 
tangent space can be chosen to be some weighted Sobolev space. We define Y to be the 
Cartesian product of M 6 (the tracer particle's phase space) with Tbg- The space V is the 
phase space of the system. It is equipped with the standard symplectic form 



co = 

n=l 



3 

dX n A dP n — i da A da. (1.4) 



Eqs. (11.21) and ( 11 .31) then turn out to be the Hamiltonian equations of motion corresponding 
to the Hamilton functional 



H(X,P,a,a)= 7^ + V(X) + J dx{^\Va{x)\ 2 + gW(X - x) (\a(x)\ 2 - ^) }dx 



;i.5) 



"f // dxdy ^ a ^ 2 ~ % ^ y ~ x ^ (\ a ( x ^ 2 ~~ 



This functional is sometimes called "Gross-Pitaevskii functional." It exhibits a global U(l) 
symmetry, 

a(x) -> e ie a(x), a(x) -> e~ te a(x), (1.6) 

where 9 is an x— independent phase. This symmetry is broken by a choice of boundary 
conditions at oo. In this paper, we choose zero-vorticity boundary conditions, 

«(*) ► a/^- 

\x\-+oo V 
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We introduce a "fluctuation field" , /3, by setting 



a(x) : 




5+)8(x) 



(1.7) 



with — > 0, as |x| — >• oo. The equations of motion then read 




*t=T7, A = -V x V r (X t ) + (7 / V^(X t -x) |A(x)| 2 + 2 A /^i?eA(x) dx, 



The Hamilton functional giving rise to these equations is obtained from (ll.5p after inserting 
the substitution (jl.7p . Eqs. fll.Sp and (11. 9p have stationary (time-independent) solutions, 
and if the external force vanishes (V = 0) they have traveling wave solutions, provided the 
speed of the particle is smaller than or equal to the speed of sound in the condensate; see 
[3]. If the initial speed of the particle is larger than the speed of sound of the condensate 
a non-zero friction force is generated, because the particle emits sound waves into the con- 
densate (Cerenkov radiation) and hence loses energy until its speed drops to the speed of 
sound, whereupon it continues to move ballistically, accompanied by a "splash" in the order- 
parameter field 0. (Quantum mechanically, this splash corresponds to a coherent states 
of gas atoms and causes decoherence in particle-position space, allowing for an essentially 
"classical" detection of the particle trajectory.) 

The following models are of interest; see [3]: 

B -Model: k = (ideal Bose gas), g — > 0, see [6]. 
C -Model: k = and g ^ 0; see H|. 
E -Model: upo/g 2 = /i =const., and g, k — > 
G -Model: k > and g ^ 0. 

The B— model is a special case of the E-model (/i = 0). The C-model is a little harder 
to analyze than the B- model, and one must assume that the operator —^A + gW does not 
have bound states or zero-energy resonances. (Bound states would cause an instability in 
the C— model and would presumably lead to "run-away" solutions; see [3]). Work on the 
E— model is in progress. 



(1.8) 



(1.9) 
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For further discussions of the physics background of these models, special solutions of 
the equations of motion and references to other studies of related problems we refer to [3] . 

In this paper, we focus our attention on the simplest model, the B— model, with V = 0. 
The equations of motion are then given by 

* t = W p t = l2 VP~oRe(V x W Xt ,(3 t )- (1.10) 

t {x) = - -La& + ^W x \ (1.11) 
2m 

where 

W x (x) := W(X - x), (f, g) := J f(x)g(x) dx. (1.12) 
The corresponding Hamilton functional is given by 

H{X,P; 0,/3):=I3! + J- I \V(3\ 2 dx + 2^fTo [ W x Re(3dx. (1.13) 
2M 2m J R3 J RS 

The main result established in this paper says that if the initial kinetic energies of the 
particle and of the fluctuations in the Bose gas, as described by (3, are small enough, as 
compared to p / dx W(x), (and if (3 t =o decays sufficiently rapidly at oo) then the solutions 
of (11. 10p . (11. lip have the properties that 

\P t \ \ 0, integrably fast in time t, 

Xt^Xn, and, (1.14) 
(5 t -> 2m y /foA- 1 W Xoc , as t -> oo. 

By scaling time t, space x and the fluctuation field {3, denoting the new variables again by 
t, x and (3, we can write the equations of motion of the B— model in the form 

X t = P t , P t = uRe(V x W Xt ,/3 t ); (1.15) 

iPt(x) =-^A/3 t + W Xt , (1.16) 

with 

\W(0)\ = (27r)-i| / d 3 a; W(x)| = 1. (1.17) 



Henceforth, we study f II . 1 5 j) and (I1.16p . with the normalization condition ( I1.17p imposed. 
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Technically, the main difficulty surmounted in our paper is to construct solutions of a 
certain semi-linear integro-differential equation, (see (I3.8P below) whose linearization (in P) 
takes the form 

pt ft 

d t q t = ZRe(W, e^W) / q s ds - ZRe(W, / e 1 *^ q s ds W) (1.18) 

Jo Jo 

where q t is a component of P t , and Z > is a positive constant. Using properties of the 
solution of (11.181) . we reformulate the original semi-linear integro-differential equation in 
such a way that a fixed-point theorem becomes applicable to construct solutions, provided 
that the initial conditions are small enough. 

Our paper is organized as follows: in Section [2] we carefully state our main result, 
Theorem 12 . 1 L In Section [3] we rewrite (11.151) and (11.161) in a more convenient form. This 
leads to an equation for P t containing a linear part and a higher-order nonlinear part. The 
linearized equation is then carefully studied in Section HJ which, technically, is the core 
of the present paper. The proof of our main result is completed in Section [51 In several 
appendices (Appendices lAl through IE]) some auxiliary technical results are established. 

Acknowledgements 

We are indebted to I.M.Sigal for highly stimulating discussions on the problems solved in 
this paper and very useful suggestions. We also thank D.Egli for very helpful observations. 

2 The Main Theorem 

In this section, we summarize our main results concerning the solutions of the equations of 
motion (11.151) and (I1.16p . For this purpose, we define a certain interval / G (0, 1) of real 
numbers, 5, as follows 

I:={5\5>0, / (i_ r )-s[ ( r -a - r - s ) + r 1 ~ 5 } dr < n}. (2.1) 

Jo 1 + (1 — r) 2 1 — 26 

Numerical evaluation of the integral on the right hand side of (12. ip on a computer shows 
that / is non-empty, with 

hup '■= sup{5| 5 G /} ~ 0.66. 
The following theorem is the main result established in this paper. 
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Theorem 2.1. Suppose that the two-body potential W in (11.13p . (I1.15P and (I1.16P is 

smooth, spherically symmetric and of fast decay at infinity with (27r)~2| J dx W(x)\ = 1, 
and that the constant v in (11.151) and f 1 1 . 1 6 j) is 0(1). Then, given any S £ I, there exists 
e = eo(^) such that if 

IK^olh, |Po| <e , 

then 

\P t \ < cr^ 5 as t oo, (2.2) 
for some constant c = c(S, e ) < oo. Moreover, 

lim ||A + 2(-A)- 1 ^ x i oo = 0. (2.3) 

t— >oo 

The main theorem will be proven in Section [5] In Section [3], we derive a law/equation 
describing the effective dynamics of the tracer particle after eliminating the degrees of free- 
dom of the Bose gas, and, in Section @J we study the effective particle dynamics and, in 
particular, analyze its linearization, which represents a key ingredient of our analysis. Some 
heuristic arguments indicating what the true decay of the particle momentum P t in time t 
might be are presented in Appendix IE. 21 



3 Effective Particle Dynamics, and Local Wellposedness 

To begin with, we recast equations (I1.15P and (11.161) in a form amenable to precise math- 
ematical techniques. We start with transforming Eq. (I1.15j) into a convenient form. We 
introduce a new field, S t , by 

t =: 2A~ 1 W Xt + S t . (3.1) 

The first term on the right hand side of (13. ip describes a "splash" in the Bose gas (a 
depletion if W is repulsive, and an accretion if W is attractive), while the field St describes 
the emission of sound waves into the Bose gas by the tracer particle. In terms of the field S t 
the equations of motion fll . 15j) and fll. 16j) are seen to be 

X t = P t , Pt = isRe(V x W x \ S t ) (3.2) 

Mx) = ~\ A5 t + 2iA- 1 P t ■ W x W Xt 

with 

S = -2A- x W Xo + fa, (3.3) 
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where, in contrast to the term — 2 A /3q has good decay at infinity. Using Duhamel's 

principle, we obtain for 5 t 



to arrive at 



and 



= ReiV^e^i-Ay^W^-^ - W}) 

= Re(V x W,e^\-A)- 1 / P s -V X W ds) 

Jo 

+ Re{V x W,e^\-A)- 1 / P s ■ V x [W Xo ~ Xs - W}) ds; 

Jo 

Re(V x W, / e i ^ [t - s \-A)- 1 P s -V x W Xs - Xt )ds 
Jo 

= Re(V x W,[ e i ^ ( * _s) (-A) _1 P s • V x W)ds 
Jo 
pt 

+ Re(V x W, / e < T(*-»)(-A)- 1 P 1 , • V x [W Xs ~ Xt - W]) ds. 
Jo 



(3.4) 



5 t = -2e4*(A)- 1 PU Xo + e'frpo + 2 f e^'^ (A)' 1 P s • V x W Xs ds. 

Jo 

Plugging this equation into the equation for P t , we find that 

P t = vRe(V x W Xt ,6 t ) 
= vRe(V x W x \ j&fa) 

+ 2vRe(V x W, e^i-A^W^-^) (3.5) 
ft 

-2uRe(V x W, / e i % {t - s \-A)- 1 P s -V x W Xe - Xt )ds, 
Jo 

where we have used that (f x , g Y ) = (f, g Y ~ x ). Next we use that 

W Y ~ Xt = W Y ~ X ° ~ f Ps- V x W Y ~ Xs ds, 
Jo 



Plugging these identities into (13. 5p . we find that 

P t = Fp + 2uRe(V x W, e^'(-A)- 1 / P s ds ■ V X W) 

Jo 

-2uRe(V x W, e i T(*- s )(-A)- 1 P s - V X W) ds, (3.6) 
Jo 

where 

F P := B + B 1 + B 2 (3.7) 

with 

B :=vRe(y x W x \ e^%), 

Bi := 2uRe(V x W,e i ^ t (-Ay 1 [ P s ■ V x [W x °- Xs - W}) ds 

Jo 

and 

B 2 := -2vRe{V x W, / e^'^-A)- 1 P s ■ V x [W Xs - Xt - W}) ds x ds, 
Jo 

the time argument, t, being omitted in Bi = Bi(t). Note that only B depends on the initial 
condition, (3 , of the Bose gas. 

Equation (13.61) can be simplified somewhat as follows. Using that W is spherically 
symmetric, we have that 

(d k W,e i ^ t (-A)- 1 P s -V X W) = (d^e^i-A^pWdkW) = \pf\W, e^W), k = 1,2,3, 

where d k := P s = (p? } , pf ] , pf ] ) G K 3 . 

Equation (13.61) is then seen to be equivalent to the following equation (or law) 

P t = L(P)(t) + F P (t) (3.8) 
where L is a linear operator on the space of momentum trajectories {-Ps}o<s<oo given by 

L(P) := (L(p«), L(pW), L(pW)) 

with 

L(/i)(t) := -i/i?e(f, e^'W) / h s ds - -i/i?e(W, / e^ ( *" s) /i s ds W), (3.9) 
3 Jo 3 Jo 

for an arbitrary function /i : IR + — > R. Equation (13. 8D is the law describing the effective 
dynamics of the tracer particle. 

Next, we study the well-posedness of Equation (13.81) . Our results are summarized in the 
following theorem. 
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Theorem 3.1. Equation (13. 8p is locally well-posed: for P$ e M 3 and (x) 3 j3o G L 2 , t/iere 
exists a positive time T(\Pq\, \\(x) 3 f3o\\2) suc/i i/ioi a solution P t of Equation (13.81) exists for 
any time t, with < t < T. 

In particular, for an arbitrary T > 0, t/iere exists a constant 6q(T) such that if \Pq\, 
\\(x) 3 (3o\\2 < €q(T) then P t is bounded by 

\Pt\ < T~ 2 , for any t E [0,T]. (3.10) 

Proof. The local well-posedness of Equation (13. 8p is proven by standard techniques: One 
converts (13. 8p into an integral equation for P t that can be solved by iteration, as long as 
time t is small enough. The second part of Theorem 13.11 follows from the (proof of the) 
first part and the observation that if Pq = and /3q = then P t = is a global solution to 
flUD- □ 



4 Global Solution of (ELS) 

In this section we establish global well-posedness of (13. 8p . We transform ( 13. 8 p to a 
more convenient form (see Equation (14.141) . below). For the new equation, we prove global 
existence of solutions by applying a fixed-point theorem on a suitably chosen Banach space 
of momentum trajectories. 

To arrive at the new form of ( 13. 8p . we introduce a "propagator", K, solving the following 
Wiener-Hopf equation. 

K = -ZRe(W } [ e^ {t ~ s) K(s) ds W) (4.1) 
Jo 

with 

K(0) = 1. 

The constant Z is given by Z := |z/, where v > is the constant appearing in Equations 
(I1.15P and (13. 2p . Some properties of the function K{t) are described in the following 
proposition. 

Proposition 4.1. The function K : M + — > R satisfies 

ZK{t) = + C K r l + O(rl), (4.2) 

as t oo, for some constant Ck G R. 
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A detailed proof of this proposition forms the contents of Appendix |A] On a formal 
level, the idea of the proof is straightforward. By taking Fourier transforms of both sides of 
(14. ip in the time variable t one obtains that 

i 

e K ' dt = -JtTzGitTW, (43) 

where the function G : R — > C is given by 

G(k + iO) := -z((-A + 2fc + iO)" 1 ^, W) + i((-A -2k- iO^W, W). (4.4) 

Thus, 

f°° 1 

tf f = -(27T)- 1 / — -e~ ikt dk 

v ; J- QO ik + ZG(k + iO) 

i r°° 1 

-^ e ^ T77TT, COSH dk 

ik + ZG(A; + iQ) 



7T 



oo 



The function G(k + zO) is smooth on IR\{0}; in a neighborhood of k = we have that 
Gr(/c + iO) is an analytic function of kz , and there exists a constant C ^ such that 

G{k + tO) = Ck 1 * +0(\k\) (4.5) 

Formula (14. 2 p follows by finding the exact value for C. 
Next, we rewrite Equation ( 13. 8 p in the following form 

P t = K(t)P + Z K(t- s)Re{W, e^ s W) / P Sl ds x ds + K(t - s)F P (s) ds (4.6) 
Jo Jo Jo 

In order to prove our main result on the decay of P t in t, see inequality (12. 2p of Theorem 
12.11 we require more precise information on P t than the one provided by (14.61) . The problem 
is that all three terms on the right hand side of ( 14. 6 p are 0(t~i), as t — > oo. This decay 
is inadequate to prove inequality (12. 2p . We thus have to exhibit cancelations between the 
terms on the right hand side of ( 14. 6 p that kill the leading terms. Our strategy to accomplish 
this is to resort to a second equation for P t equivalent to (14. 6 p and then take a suitable 
linear combination of the two equations. To find the second equation we simply integrate 
both sides of ( 13. 8 p over time from to t and arrive at 

pt ps pt 

Pt =P + Z / Re(W, e^ s W) / P Sl d Sl ds - 2ZRe(W, (iA)' 1 / e^(*- s )p s ds W) (4.7) 
Jo Jo Jo 

+ [ F P (s) ds, 
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where the third term on the right hand side of (14.71) derives from 

-Z [ Re(W, [ e^ {s - Sl) q Sl d Sl W)ds 
Jo Jo 

by integrating by parts and using that Re(W, (iA)~ l W) = 0. 

Multiplying both sides of (14. 7p by K{t) and subtract the resulting equation from (14.61) 
we obtain that 

[1 - K(t)\P t =Z [ [K(t -s)- K{t)}Re(W, e^ s W) [ P S1 d Sl ds (4.8) 
Jo Jo 

+ 2ZK(t)Re{W, (1A)- 1 [ e^ ( *~ s) P s ds W) 

Jo 



[K{t -s)- K{t)} F P (s) ds. 
The first term on the right hand side of (14.81) is rewritten as follows: 

[ [K(t -a)- K(t)}Re{W, e^ s W) [ q Sl ds x ds 
Jo Jo 

= - [K(t - s) - Kit)}Re{W,e^ s W) / q Sl d Sl ds 

Jo Js 

+ I K(t-s)Re(W,e i ^ s W)ds [ q Sl d Sl 
Jo Jo 

nt nt 

-K(t) / Re(W,e^ s W)ds / q Sl d Sl 
Jo Jo 

/t nt 
[K(t- s) - K{t)]Re{W ) e i ^ s W) I q Sl d Sl ds 

nt nt 

+ / K(t - s)Re(W,e i * s W)ds / q Sl d Sl 
Jo Jo 

nt 

-2K(t)Re(W,(iA)- 1 e i ^ t W) / q Bl ds v 



o 
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Plugging this expression into the right hand side of (14. 8p . we find that 

/t rt 
[K{t- s) - K{t)]Re{W 1 e i ^ s W) I P Sl d Sl ds 

rt rt 

+ Z K{t- s)Re(W,e^ s W)ds / P Sl d Sl 
Jo Jo 

rt 

+ 2ZK(t)Re(W, (zA)- 1 / [ e 4 _ e %*] p s ds W) 

Jo 

+ f [K(t - s) - K(t))F P (s) ds 
Jo 

=:A(P)(t) + [ [K(t -s)- K(t)}F P (s) ds, (4.9) 
J o 



thus 



1 - K{t) 



A(P)(t) 



+ i _ l K{t) J*[K(t -s)- K(t)]F P (s) ds (4.10) 



where A is the linear operator on the space of momentum trajectories {P s }o<s<oo defined by 

TSD. 



Equation (I4.10p has the desired form. We will show that, if the trajectories {P s }o< s <oo 
belong to an appropriate Banach space then a fixed-point theorem can be applied that implies 
global existence of solutions of (I4.10p . The main heuristic ideas underlying our approach 
are discussed in Appendix |E] 

Next, we introduce a family of Banach spaces of momentum trajectories: For an arbitrary 
5 £ I, where I is the interval defined in (12. ip . and any T > 0, we define the space 

B 5)T := {h : [T, oo) — >■ R \t^ +5 h e L°°[T, oo)} (4.11) 
equipped with the norm 

\\h\\ s ,T ■= sup t^ +5 \h\it). (4.12) 

te[T,oo) 

The function hit) has the interpretation of being a component of P t . The definition of P>sj< 
can be extended to vector-valued functions P t : [T, oo) — > R 3 in the obvious way. 

Below, it will be proven that the operator A in (14. 9p and (14.101) maps the space P>sj< 
into itself, for T large enough; (see (14. 2D ) . It appears to be difficult to show that P t G -B<5,t, 
for some 5 > 0, by starting directly from (14.61) . However, in the analysis of (I4.10p . a new 
difficulty appears: Since -^(0) = 1, the operator — ^yA(-)(t) is unbounded on L°°[0, oo). 
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The new difficulty is circumvented by "waiting long enough until K(t) becomes small". We 
therefore divide the time axis [0, oo) into two subintervals, [0, T] and [T, oo), where T is 
chosen such that <C 1 when t >T. For t G [0,T], a unique strong solution, P t , to 

the equation of motion (13.81) corresponding to a given initial condition P t=0 = P exists, 
provided |Pq| and flo are small enough, depending on T, as shown in Theorem 13.11 For 
t G [T, oo), we show that a solution P t exists and belongs to the space B§ t T by proving that 
the operator fz^m A : P^t ~~ >" Bs,t is a contraction on a sufficiently small ball in B$t 
centered at the origin; evidently this forces us to require that \Pt\ is small enough, which, 
by Theorem 13. 1[ is guaranteed if |Po| and || (a?) 3 /5o || 2 are chosen to be sufficiently small. 

In what follows, we convert this discussion into rigorous mathematics. We define 

u , f 1 if < t < T ioN 

Xr{t) : = I if t > T ( 413 ) 

and rewrite Equation f)4.10p as 

P t = T(P)(t) + G(t), (4.14) 

where G(t) is the contribution to the right hand side of (14. lOj) only depending on {Pt}o<t<T, 
i.e., independent of (1 — Xt)P, 

G(t) := 1 _ 1 K ( t) {MXTPt) + J [K{t -s)- K{t)\F XTP {s) ds}. (4.15) 

and T(P) contains terms of first order in (1 — Xt)P and higher order in P and is given by 

T(P)(t) -■= T^kqWO- ~ *t)P) 

+ f[K(t -a)- K(t))[F P (a) - P Xt p(.)] da}. (4.16) 
Jo 

In Theorem 13.11 we have shown that if the initial conditions Pq and /3q are sufficiently 
small (|Po|, ||(^) 3 /5o||2 < e o(P)) then there exists a unique solution P t , t G [0,T], with 

max \PA < T~ 2 . In order to continue this solution to the interval [T, 00) and to show that 

te[o,T\ 

{Pt}r<t<oc belongs to the Banach space B$ ;T we propose to use a fixed-point theorem, which 
can be applied, provided two conditions are fulfilled: 

(1) The nonlinear map T(-) + G maps a small ball, £>, in the Banach space B^t centered 
at into itself, in particular, is small enough, and 

(2) T(-) is a contraction on E in the norm || ■ ||$<r of B$ t T introduced in (I4.12p . 
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We begin by verifying that T(-) is a contraction on B if B is chosen small enough. We 
define a function f2 : [0, 1] — > 1R + by 

n(S) := T - 1 -r (l - r)"* [i-^«c(r-' - r~ 5 ) + dr, (4.17) 
Jo l + (l-r)a 1 — 2(5 

(see Equation (12. ip ). A key result is the following theorem. 

Theorem 4.2. There exists a constant T < oo such that ifT>T and if 5 is chosen such 
that 7r~ 1 Sl((5) < 1 then the map T(-) introduced in (I4.16P maps E>s t T into itself and is a 
contraction on a sufficiently small ball B C Bs,t centered at 0. The two terms on the right 
hand side of (I4.16P defining T(-) satisfy the following estimates: 

(1) The linear operator A((l — xt)-) satisfies 

1 , A ,-1 



, ;| K(t) m-XT)h)(t)\ <r~*- d [-n(5)+e(T)]\\h\\ d , T (4.18) 
where e(T) is a small constant satisfying lim e(T) = 0. 

T— >oo 

(2) Leten(T) be the constant introduced in Theorem \3.1\ Suppose thatQi, Q2 : [0, 00) — > R 3 
are any two vector-valued functions satisfying the following two conditions: 

Qi(t) = Q 2 (t) = P t , te [0,T], 

where Pt is the solution of Equation (13. 8ft / (14. lOf) constructed in Theorem lff.il for 
0<t<T and \P \, \\(x) 3 (3 \\ 2 < e (T); and 

\\Qi\\s,t, \\Q2\kT < 1. 

Then 

(4.19) 

Inequality ( 14.18(1 will be reformulated as Proposition 14.41 below, and proven in Appendix 
IB1 Inequality ( 14. 19(1 is proven in Appendix O 

Next, we present an estimate on the term G(t) on the right hand side of (I4.14p defined 
in ( 14. 15(1 . This term only depends on the solution, P t , of ( 13.8(1 / ( 14. 10(1 for t G [0, T], which 
has been constructed in Theorem 13.11 
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Theorem 4.3. Suppose that \Pq\, || (a;) 3 /?o H2 < eo(^) and that the parameter 5 is chosen 
as in Theorem \4-S\ Then G belongs to the Banach space B$,t and \\G\\s,t can be made 
arbitrarily small by choosing T large enough; (see Theorem \3. 

More specifically, we have that, for any t > T, 

f[K{t -s)- K(t)}F XT p(s) ds\ < e(T)H- 5 , (4.20) 
Jo 

A( XT Pt)\<e(T)t--i- s , (4.21) 



' 1 " Kit) 

and 

' 1 " K{t) 
with e(T) — y as T — y 00. 

Remark 2. The constant €q(T) is chosen as in Theorem \3.1[ 
The proof of this theorem is contained in Appendix [Dl 

In the remainder of this section, we discuss the strategy used to prove Theorem 14.21 (The 
proof of Theorem 14.31 is easier than the one of Theorem 14.21 and is therefore not discussed 
here.) We recall that the map T(-) is the sum of two maps appearing on the right hand side of 
dUB]) . ThemapA((l-xr)0(*) is linear, while f*[K(t-s)-K(t)][F P (s)-F XT p(s)] ds 

contains higher-order terms, besides depending on the initial conditions, 0q, of the Bose gas. 
Since we are attempting to construct small solutions of (13.81) / (I4.10p . and because (3 can 
be chosen as small as needed, it is fairly easy to control the second map. We therefore focus 
our attention on the ideas needed to estimate the first (linear) map. For this purpose, we 
write the operator A((l — Xt)-) as a sum of three terms: 

3 

A((l - X r)h)(t) = T k(t), T k (t) = r fc ((l - X T)h)(t), (4.22) 

k=l 

where 

ds [K{t -s)- K(t)]Re(W, e^ s W) J d Sl h Sl [1 - xt(*i)], 

T 2 {t):=Z [ ds K{t-s)Re(W,e^ s W) [ ds 1 h sl [L - Xt(si)}, 
Jo Jo 



and 



T 3 (t) := 2ZK(t)Re(W, (zA)" 1 /* ds [e*^ - e^*] h s [1 - X t{s)\ W), (4.23) 

Jo 
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see Eqs. flS]) and (Q3jl . 

Before estimating Tk{t), k = 1,2, 3, we introduce two functions: 



(l — 2d)7r y i + (i_ r )2 

and (4.24) 



fl 2 ((J) := - / -r(l - r)-iri- d dr, 

n Jo l + (l-r)5 



see also (14. 17j) 



Control of the terms Tk{t), k = 1,2, 3, is provided in the following proposition. 

oposition 4.4. There exists a j 
for an arbitrary function h G BgT, 



Proposition 4.4. There exists a function e(T), < T < oo, with lim e(T) = 0, such that, 

T— >oo 



and 



|r\(t)| <rs-'[n 1 ( < 5) + e(r)]||/i|| a ,T, (4.25) 

|r 3 (t)| < t-^ s [n 2 (5) + e(T)]\\h\\s,T, (4-26) 



|r 2 (t)| <e(T)r*- s \\h\\ s ,T, (4.27) 



where B$ t T and || • \[s,t are as m (14. lip ana 1 (I4.12p respectively. 

This proposition will be proven in Appendix [Bj Obviously it implies inequality (14.181) 
in Theorem I4.2[ (1), with e(T) = 3e(T). The ideas underlying the proof of Proposition 14.41 
are as follows. The arguments needed to estimate T\(t) and T 3 (t) are very similar, so we 
only consider T\(t) and r 2 (t). The trickiest estimate is (I4.27p . The crucial step is to control 
the factor 

I(t) := [ K(t- s)ZRe{W,e^ s W) ds 
Jo 

in T 2 (t). We propose to show that 

I(t) = 0((1 + ), as t -> oo, (4.28) 
which implies (I4.27P by straightforward arguments. 

Estimate (I4.28P does not follow by just using that K{t) = 0(t~2) and (W^e^W) = 

3 1 

0((1 These estimates, by themselves, only imply that \I(t)\ < const t~*. In order 
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to conclude the improved estimate claimed in (14 .28 p . we Fourier-transform the convolution 
of K with Re(W, e t ~2 t W)xo, with Xo(t) = 1, for t > 0, and = 0, otherwise, which yields 

l(t) = — k(k)Re(W,e i T t W)xo(k)e- iM dk. 
2vr J_ 00 

From 033]), OO} and (g3D we derive by inspection that ite(W, e i #*W / )xo(^) = -G(ife+i0), 
hence 

z r G(k +i o) . kt 



I = / v — ' — -e- M dk, (4.29) 

2tt J_ oa ik + ZG(k + iO) ' v ; 

with G(k + iO) as in (14.41) . The function ik +z^(k+io) 1S smo °th i n k on R\{0}. It is 
therefore its behavior near k = that determines the decay of I(t) in t. We recall that 
G(k + iO) = ckz + O(k), for \k\ small, where c is some non-zero constant; see (14. 5B . Thus 

•, G L^ Q) ^ = - 1 + + for \ k \ smalL ( 4 - 3 °) 

2*; + ZG(k + iO) v ' 1 1 v 7 

Furthermore jfc ^^+io) decays rapidly in at infinity. Thus, in Equation ( 14.29(1 . we can 
integrate by parts in the variable k, and this yields the desired decay estimate on I(t); (note 
that the constant term on the right hand side of (14.301) yields a subleading contribution). 

Next, we turn to estimating Ti; see (14.251) . For this purpose, we peel off the main 
contributions to the functions K(t) and Re(W, e % ^ l W) : By explicit calculation, see (14. 2(1 and 
( EQ6J) , one finds that, as t -> oo, Kit) = ^'k'^ +0(r x ); see (J42]), and e*T *W) = 

3 5 «*> 

Cvk^~2 + 0((1 + £j 5 ). We define an approximation, Ti(t), of Ti(t) by 

f i := ~ir~^C w jf rfs [(* - s)~^ - t _ *]s~* ^ tfaj [1 - xr(si)]- 

Recalling the definition of the Banach space Bg,T and changing variables, s = ta and sx = tax, 
we find that 

|f i| <H- 5 ~CV / [(1 - <t)-3 - / a"* -5 d^do- ||/i||i >T 







4 

^ri-^mil/ilb.v. 



To complete our estimate on Ti we are left with estimating (Ti — Ti)(t), which is a straight- 
forward task. In fact Ti(t) — Tx(t) decays in t faster than Tx(t). 

Further details of our estimates needed to prove Proposition 14.41 can be found in Sub- 
section IB. 21 of Appendix [B] 
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5 Proof of the Main Result, Theorem 12.11 



We use the subdivision of the time axis 

[0, oo) = [0,T) U [T,oo) 

into two parts, for an appropriately chosen T. Existence and uniqueness of a solution P t , of 
Equations (13 .Sp / (I4.1(jp . for t G [0, T), assuming that the initial conditions P an d 0o are 
small enough (depending on T), has been proven in Theorem 13.11 

To continue such a solution to the interval [T, oo), we apply a standard fixed-point the- 
orem to Equation (14.141) . Thanks to Theorems 14.21 and 14.31 the hypotheses of the fixed- 
point theorem are valid, provided T is chosen appropriately, and |Po|> II (#) 3 A)||2 are small 
enough. We thus conclude that a global solution P t , t G [0, oo), to (13. 8p / (14.101) exists, with 
(1 — Xr)Pt G -B<5,r, for any 5 in the interval / defined in (12.11) . provided |Pq| and || (x) 3 /3o||2 
are chosen small enough. This proves estimate (12.21) of Theorem 12.11 

In order to prove Eq. (12.31) in Theorem 12.11 we show that the field 5 t introduced in (13.11) 
decays to 0, as t — > oo, in the sense that 

Halloo 0, as t — > oo. (5.1) 
To establish (15. ip we apply the norm || ■ ||oo to both sides of (13 .4p . which yields 

Moo < const.llle^t-Ar^lU + ||e^/3 |U + / ||e < -5-*(-A)- 1 i^V as W JC -|| 00 ds}. 

Jo 

Using the estimates 

We^^-Ay 1 ]]^^^ < const t~2 

and 

.. ■A. || _3 

|| e 2 Uli^loo < const t 2 
and our estimate on P t , see ( I2.2p . we find that 

II^IU < const + t~%\\(3 \\ L i 

which, under our assumption on O , yields ( 15. ip . 

This completes the proof of Theorem 12.11 Some hard technicalities now follow in several 
appendices. 

□ 
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A Proof of Proposition 14.11 



We start with deriving an explicit formula for K, see (14.11) . 
We define a function G : R — > C by 

G(k + iO) := -i((-A + 2fc + zO)" 1 ^ W) + z<(-A - 2A; - zO)" 1 ^, W)- (A.l) 
Next, we relate G to the function K. 

Proposition A.l. The function K in (14. ip ta&es the form 

f°° 1 

^^-W'LwqM'" 1 (A - 2) 

in particular 

K{t) = /ort < 0. (A.3) 

TTie function K can be transformed to a convenient form 

1 f°° 1 

AY*) = — / Re- — coskt dk. (A.4) 

w Ti J -co ik + ZG{k + iO) v ' 

This proposition is proven in Subsections IA.2I and IA.3I The basic ideas in the proof are 
not difficult. In a formal level Eq. (I A . 2 [) is obtained by Fourier transformations, as mentioned 
after Proposition 14.11 In Subsection IA.3I we will make it rigorous. Eq. (|A.3[) is resulted by 
the facts that iz+ zc(z) * s anar ytic in the set Im z > and its absolute value is sufficiently 
small when \z\ is large. Hence 

/oo i 
— — — e -^a)t dk 

_ x i(k + ia) + ZG(k + a) 

for any a > 0, and moreover K(t) — > as a — > oo if t < 0. We obtain the last identity (1A.4I) 
by manipulating the expression in ( 1A.2h . 

To prove Proposition 14. II it suffices to derive a decay estimate for K(t) from ()A.4j) using 
the oscillatory nature of coskt. Since the function R e ik+Z Q( k+i0 ) '■ R — ^ R is smooth on the 
open set (— oo, oo)\{0}, it is the lowest order term in the Taylor-expansion of the function 
in a neighborhood of k = that determines the decay in t. 

Lemma A. 2. The function G(k + zO) defined in (1A.1I) satisfies the estimate 
r(k ,^_j2l(z-l)^kh+Ck + 0(\k\l) i fk>0 

where C is some constant. 
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This lemma is proven in Subsection \A.1\ by Taylor-expanding the function G(k + zO) in 
variable k 2. 

Now we are ready to prove Proposition 14.11 
Proof of Proposition 14. II To simplify matters we decompose K(t) into two parts, accord- 
ing to the integration regions 

K(t)=K + (t) + K„(t), (A.6) 



with 



and 



1 f°° 1 

K + := / Re- — — —coskt dk 

71 J ik + ZG(k + iti) 



If 1 
K_ := / Re— —coskt dk. 

IT 



ik + ZG(k + iO) 

We first estimate K + . Since the leading order is determined by Taylor expansion of the 
integrand Re ik+Z G(k+io) cos ^ around k — 0; it is natural to begin with studying this function. 
We define a new function g : M + — > K. by 

\k\-^g(\k\^) :=Re- 1 ' 



7Tik + ZG(k + iO)' 

By direct computation, using the result in flA.5j) . we find that, in a neighborhood of k = 0, 
|A;|-W|A;|5) = --L . - = ^^Ifchlfl + O(fc^)], 

where, in the last step, the result in (1A.5|) was used. The other important observations are 
that the function g : IR + — > C is smooth on [0, 00) and satisfies the estimate 

\g(p)\<C(l + P y 3 . 
Expanding g{k) around k = we obtain 

POO 

K+(t) = / \k\-^g(\k\^) coskt dk 
Jo 

00 

2j 



where D is given by 



=2 / g(p)cos(p t) dp 
Jo 

POO 

=2p(0) / cos(pH) dp + D 
Jo 

POO 

D :=2 [g(p) - g(0)]cos(p 2 t) dp. 
Jo 



22 



The first term on the right hand side is the dominant one, 

20(0)/ cos(pH) dp = 2#(0)H / cosx 2 dx = -^Z~H~^, (A.7) 
Jo Jo 8 

using the Fresnel integral ()A.30j) . 
The second term, D, is of the form 

poo 

D= H(p)cos(pH)p dp 
Jo 

where the function H = 2( - 9 ^~ 9 ^ i s smooth and is bounded uniformly by C(l + p) _1 . By 
standard techniques we find that 

D = 0(H). (A.8) 

This together with (|A.7[) implies that 

K + = \it-?Z-H-* + 0(H). (A.9) 
8 

For we obtain, using almost identical arguments, 

8 

These two results, together with (1A.6j) . obviously imply Proposition 14.11 

□ 

In next three subsections we prove Lemma IA.2I and Proposition IA.11 

In what follows we often use Fourier transform. Its definition and properties are standard. 
Since constants are important in the present paper, we quote some of them explicitly. For a 
function / : M d — > C, its Fourier transformation / is defined as 

f(k) := (2tt)-3 I e ik - x f{x) dx, 
Jm d 

and the inverse transform as 

/» := (2tt)-# f e- ik -*f(k) dk. 
J«. d 

Moreover, for arbitrary functions f,g: M. d — > C 

Tg = (2tt)-5 / f(x - y)g(y)dy. (A.10) 
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A.l Proof of Lemma IA.2I 

Proof. By Fourier-transformation and introducing polar coordinates we find that G(k + iO) 
takes the convenient form 

G(k + iO) = - i{(p 2 + 2k + ioy 1 ]^, W) + i{(p 2 -2k- iO^W, W) 

POO POO 

=i87tk[ (p 2 + 2k + iO)~ l \W(p)\ 2 dp+ / (p 2 -2k-iO)- l \W(p)\ 2 dp\. (A.ll) 
Jo Jo 

We expand (^(p)] 2 in a neighborhood of p = 0. The fact that the function W : R 3 — > R 
is smooth, spherically symmetric and decays rapidly at oo implies that the function W is 
smooth in the variable p 2 , or, equivalently, that there exists a smooth and rapidly decaying 
function F : R + -> R such that 

\W(p)\ 2 = l+p 2 F(p 2 ). (A.12) 



Here the condition that | W"(0) | = 1, in (11.171) . is used. Plugging flA.12j) into (1A.11I) we find 
that 

G(k + iO) = G (k) + Gi(Jfe) + G 2 {k) 

with 

G (k + i0) := i8nk[ / (p 2 + 2k + i0)~ l dp + / (p 2 - 2k - i0) _1 dp], 

Jo Jo 

/>oo 

G?i(ife + i0) := 8z?rA; / F(p 2 ) dp, 



and 



/»oo /*oo 

G 2 (A; + iO) := -16rf[ / (p 2 + 2k + zO)" 1 F(p 2 ) dp - / (p 2 - 2jfc - zO)" 1 F(p 2 ) dp]. 

Jo Jo 

In the next we estimate the three terms. 
The estimate on G± is evident: 

G l {k + i0) = O(k). (A.13) 
The function Go(k + iO) has an explicit expression: For any k G C\R~, we observe that 

(^ + 2*;)-^ = —^, (A.14) 
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where k 2 = \k\ I, for G M + . The proof consists in observing that if k > then 

(p 2 + 2*)-^ = jf (p 2 + l)- 1 ^ = 



Consequently 

2§(i- l)vr 2 A^ if fc > 
2§ f— i - l)7r 2 |A;|5 if A: < 



G (k + iO) = -{ n a) . lN _2ii-il «r r. . r, (A. 15) 



To estimate G2 it is sufficient to show that if a function decays sufficiently fast at 00 
then, for any small k, 

/OO 
(p 2 ±2k± iO)"V(p) dp = 0(|A;|-i). (A.16) 
-00 

Indeed, we use Fourier transformation to relate (p 2 ± 2fc ± i0) _1 to (— <9 2 ± 2A; ± i0) _1 and 
find that 

/OO 
(p 2 ±2fc±iO)"V(p) dp 
-00 

for some constant C / 0. The operator (— <9 2 + 2k), k G C\R~, has an integral kernel 
CiAT*e- fc3 l x ->'l, where C x is a constant. This yields 



(p 2 ±2A;±zO)-V(p) dp\<\k\-l 



L 1 



which is the desired estimate (1A.16|) . 

Collecting the estimates above we complete our proof. □ 



A. 2 Proof of ( fA~3|) of Proposition [AJ] 



We start by extending the domain of function G from k G R to Im k > 0. By Fourier 
transformation we find that G(k + iO) takes the form 

G(k + iO) = -i((p 2 + 2A; + iO) + i((p 2 - 2jfc - zO)" 1 ^, W). (A.17) 

Its extension is the function G : {A;|imfc > 0} — > C defined by 

roc roc 

G(k) := 8nrk{ / (p 2 + 2A;)- 1 |#(p)| 2 rfp+ / (p 2 - 2£;)- 1 |#(p)| 2 ( ip]. 

It is easy to see that this function is analytic in k, Imk > 0, and G(k + zO), k G M, is its 
limit on the real line. 
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(1A.3j) follows by contour integration. To guarantee its applicability, we have to verify 
several criteria. 

We start with the following result. 

Lemma A. 3. In the complex region Imk > 0, the function ik+ zc(k) elkt ^ s ana h^ c ^ n k f or 
any (fixed) t, and 

Km |- ^tttI^O. (A.18) 

\k\^oo \k + ZG(k) 

Proof. ( 1A.18I) is implied by the fact that G{k) — > 0, as \k\ — > oo. 

It is easy to see that the function ik + ZG(k) is analytic, in the region Imk > 0, because 
the operator (— A±2/c) _1 is well defined and analytic in k. To prove analyticy of e lkt ik+ zc{k) 
we only need to prove that the denominator does vanish anywhere, i.e. 

\ik + ZG(k)\ ^ when Imk > 0. (A.19) 

For this purpose we rewrite the expression of G(k) in (IA.24j) to obtain 

POO 

ik + ZG(k) = ik{l + 8Zit p 2 (p i -Ak 2 )\W{p)\ 2 dp}. (A.20) 

Jo 

In what follows we consider two cases, Rek = and Rek ^ separately. 

(A) If Rek = then, by the fact that Imk > 0, we find that -k 2 > 0, hence p 4 - Ak 2 > 0, 
and this implies (1A.19j) . 

(B) If Rek ^ the key observation is that J °°p 2 (p 4 - Ak 2 )\W(p)\ 2 dp has a non vanishing 
imaginary part. Indeed —4 A; 2 can be written in the form —4k 2 = a + ib, with 67^0. We 
rewrite (p 4 - 4k 2 )' 1 as (p 4 - 4k 2 )~ l = [(p 4 + a) 2 + b 2 ]' 1 (p 4 + a - ib). Hence 

poo POO 

Im / p 2 (p 4 - 4k 2 )\W(p)\ 2 dp = -b [(p 4 + a) 2 + b^Wip)] 2 dp ^ 0. 
Jo Jo 

This together with flA~20l implies fTA~T9l . 

□ 

We continue to prove (1A.3I) . The fact that ik+ zc(k) e%kt ls ana lytic on the domain Imk > 



2G 



and the decay estimate in ( 1A.18j) . proven in Lemma \A.3\ imply that, for any a > 0, 

1 



F(t) 



_ oc ik + ZG(k + iO) 
1 



e~ ikt dk 



,,at 



i{k + ia) + ZG(k + ia 
1 



_ e - i{k+ia) t dk 
i 

-e- lkt dk. 



i-oo i(k + i- a ) + ZG{k + za) 
If t < it is easy to see that Fit) = by letting a — > +oo. This is ( 1A.3I) . 

We turn to (tOil . The definition of + z'0) implies that + zO) = -G(-k - iO). 
Moreover, by changing variables k — > —k, we find that, for any t > 

1 



F(f) 



and 



F(-t) 



^ -ik- ZG(k-iO) 
1 



e lkt dk 



e~ ikt dk = 0. 



-zfc - ZG(k - iO) 



These identities, together with (1A.3|) and the observation that G(k + iO) = —G(k — iO), 
imply 

F(t) = I r°° f l - I l - 1 \pikt _i_ p—ikt\ JjL 

= 2 f 00 -Re ., , , . n , coskt dk. 
The desired result follows by using the definition of -F(t). 



□ 



A.3 Proof of flAT2|) of Proposition IA~TT1 

The idea underlying the proof is simple, at least on a formal level: By Fourier transforming 
both sides of (14.11) one obtains an explicit expression for J °° e tki q t dt. Then, by inverse 
Fourier transformation, one arrives at the desired result. The setback is that the Fourier 
transformation and its inverse are defined on L 2 , and the fact that the function K ^ L 2 
makes things a little harder. In what follows, we begin with another result and show that it 
implies (14.11) . 

The result is 
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Lemma A. 4. Suppose the function q t : IR + — > R satisfies the estimate \qt\ < Ci(l + t) 2 and 
is the solution to the equation 

pt 

d t q t = -ZRe{W, / e^ (t - s) q s ds W) + h(t) (A.21) 
Jo 

_ 3 

where the function h : M + — )■ R decays like \h(t)\ < 02(1 + t)" 5 . JTien g t also satisfies the 
equation 

q t = K{t)q + I K(t- s)h{s) ds. (A.22) 
Jo 

This lemma will be proven shortly. 

We now prove (I A. 2 1) by assuming Lemma IA.4I 

Proof of (I A. 2 1) To make Lemma IA.4I applicable we define a new smooth function 
u : M + — > R with the properties 

m 4 = A(t) if t < T, and |w t | < C(l + t)" 2 

for some constant C. This function is well defined, because, in any finite time interval [0, T], 
the solution K to the linear equation ( 14. ip exists. By direct computation we find that u 
satisfies the equation 

d t u t = -ZRe{W, / e^ {t - s) u s ds W) - f t (A.23) 
Jo 

where the function / is defined by 

pt 

ft := -ZRe{W, / e^ (t - s) u s ds W) - d t u t : R + -> R 
and satisfies the estimates 

/ t = 0ift<T, and |/ t | <C u (l + t)-t. 

These estimates are obtained easily, hence we omit the details. 

Applying Lemma IA.4l to (1A.23|) and using the fact that f t = if t < T, we find that if 
t < T then u t = K(t) takes the desired form. Since T is arbitrary, this equation holds for 
any time. 

□ 
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Proof of Lemma IA.4I We Fourier-transform both sides of ( IA.21I) to derive an expres- 
sion for J °° e %kt q t dt: 

J °° e ikt d t q t dt = -g - ik J °° e ikt q t dt 

= -Z J °° e ikt Re(W, f* e l ^^q s ds W) dt + / °° e lkt h(t) dt. 

An important observation is that the first term on the right hand side admits a simpler 
expression: 

/*oo r-t />oo 

-/ e m Re(W, / e i ^ {t - s) q s dsW)dt = G(k + iO) e ik % dt, (A.24) 
Jo Jo Jo 



where the function G(- + iO) : R — > C is defined in (1 A. 1 [) . 
Collecting the identities above we find that 

OO 1 -1 poo 

e ikt q t dt = — — -g - — / e ikt h(t) dt. 

H ik + ZG(k + iO) ik + ZG{k + iO) J w 

Inverse-Fourier transform of both sides of the equation yields 

/oo -i -i /*oo 

— — —- -r e~ lkt dk % + - e- m H(k) dk, 
^ ik + ZG{k + iO) 2tt J_ 00 



where H(k) is defined as 



1 f°° 







By applying Fourier transformation, using (lA.lOj) and the fact that K(t) = 0, for t < 0, we 
obtain that 

-I /*oo t*t 

— / e~ ikt H{k) dk= K(t - s)h(s) ds. (A.25) 
2tt J.oo Jo 



Collecting the estimates above we complete the proof. 



□ 



A. 4 Some Decay Estimates 

In this part, we collect some estimates used in the main part of the paper. 
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Lemma A. 5. If W is a smooth, spherically symmetric and rapidly decaying function satis- 
fying the condition |W"(0)| = 1 then, as t — > oo, 



Re{W,e l ^W) = -2t~*<K* + 0(t~ 5) 

(A.26) 

2Re(W,(iA)- 1 e i T t W) = U~M + 0(H). 



Proof. We start with proving the first equation. By Fourier transformation, introducing 
polar coordinates, and integrating by parts we find that 

Re{W,e l ^W) = Re(W, e^^W) 

f°° 1 
= 4xj p 2 cos(-p 2 t)\W(p)\ 2 dp 

4-1T r°° 1 4-7T f°° 1 

' szn(-p 2 t)\W(p)\ 2 dp-- I szn(-p 2 t)pd p [\W(p)\ 2 }dp (A.27) 



POO j POO | 

■[jf sin(-p 2 t)dp + sin(-p 2 t)F(p) dp] 



t _1n 2 t ./n 2 

47T 

where F(p) is defined by 

F(p):= \W(p)\ 2 -l + pd p \W(p)\ 2 . 

By rescaling p(|) 5 — > p it is easy to see that the first term on the right hand side takes the 
form 

roc j roo 

/ sin(-pH) dp = -4V^7rt~i / sin(p 2 ) dp = -2ich~z. (A.28) 

t Jo 2 Jo 

Here the fact that / °° sinx 2 dx = is used; (see (1A.30|) ). 

Now we turn to the second term. Define a new function, F(p), by -F(p) := p~ 2 F(p). This 
changes our expression to 

f°° p 2 t f°° p 2 t ~ 

Thanks to the fact that F(p) = 0(p 2 ), in a neighborhood of p = and because of smoothness, 
we obtain that F is a smooth function. By standard techniques it is seen that 

poo 2.1 

/ sin (Ll) F ( p ) dp = o(r§ ). (A.29) 
Jo 2 

This together with (1A.28I) implies the first estimate in flA.26j) . 

By similar arguments we obtain the second estimate in ( 1A.26I) . □ 
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The following identity has been used in the proof. 



00 — 

7T . 1 



cos(x 2 ) dx = sin(x 2 ) dx = (— ) 2 - (A. 30) 



Proof. The key observation is that the function e lz = cosz 2 + isinz 2 : C — > C is an entire 
function. This together with the fact that in the region Rez, Imz > the function decays 
rapidly, at \z\ — > 00, enables us to use the method of contour integration to obtain 

" e^ 2 dz= f e^ 2 dz = (^ + -ii) r e~* 2 dz = ^ + 



'ze{ 4- x+i 4= x\ xe[o,oo)} \/2 Jo \/8 V&> 

This obviously implies ( 1A.30j) . □ 



B Proof of Proposition 14.41 

In the following we prove the three estimates in Proposition I4.4[ in three different subsec- 
tions. In various places we have to consider separately two cases: 5 < |, where functions 
in the Banach spaces Bg t T, see (I4.1ip . are not necessarily integrable in time on the interval 
[T, 00), and 5 > |, where functions in Bg,r are integrable. In order not to clutter our argu- 
ments with too much details, we only consider the cases 6 < |. The analysis for 5 > | is 
similar and is considered in [1], where a slightly harder problem is solved. 

Recall the ideas we presented after Proposition 14.41 In what follows we carry out the 
ideas in details. 



B.l Proof of Km 

It is easy to estimate the second factor in the definition of T 2 : Recall that we only consider 
the case S < \. 

I / (1 - Xt(si)) q Sl ds x \ < (1 + t) X *- 5 \\q\\ s>T . (B.l) 
Jo 

The crucial step is to prove that 

\Z K(t-s)Re(W,e^ s W) ds|<(l + *)"§. (B.2) 
Jo 

Estimates (jBTTjl and dB~2|) obviously imply fl427j) . 
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In what follows we prove (IB. 21) . Using the fact that K(t) = 0, for t < 0, in (1A.3j) . 
applying Fourier transformation, using (1A.10I) and applying inverse Fourier transformation 
we find that 

I ■= / K{t- s)ZRe(W } e i ~ s W) ds (B.3) 
Jo 

poo 

= K(t- s)ZRe(W,e^ s W) ds (B.4) 
-I r m c~ M dk (B 5) 

where F(k) is defined by 

POO 

F{k) := Z e iks Re{W, e^ s W) ds 
Jo 

ry POO ^ 

= e iks [{W, e^ s W) + (W, e-^'W)] ds 

= -Z[((-iA + 2ik - O^W, W) + ((iA + 2ik - 0) _1 W; W)\ 
= -ZG{k + iO), 

and G(k + iO) is defined in (TA~Tj) . 

By ( 1A.5I) the function i} ^zG(k+io) * s smo °th on ^\{0}, and around k = it has the 
expression 

ZG(k + iO) _ 1 h 

zk + ZG(k + zO)~ 1 + C z k2 + U ( k ) 

for some constant C. Putting this into flB.3j) . and integrating by parts in the variable k, we 
obtain 

l/l - -Ir 1 ! f c -^,r ZG ( k + i °) ] dk \ 

|i| ~ 2tt* 'loo fc WzG(fc + *0) Jdfc| 

< ^-r^Ai + Aa + Ag] (B.6) 



with 



oo 

ikt 



Al - 1 ' ^ ik + ZG(k + iO) dkl 



oo 
oo 



A 2 : | / e~ ikt — ^JL — T <>k\ 



oo 



[ik + ZG(k + iO)} 2 
Zkd k G(k + i Q) 
A3 -~ 11 6 [ik + ZG(k + iO)Y 1 '' 1 
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It is easy to see that ik+z * (k+i0) = 0(\k\ s), [ik+ZG k (k+m 2 = 0(1) and ^gg+gp = 
0(|/c|~a), in a neighborhood of k — 0. This implies that 

3 

^A fc = 0(t~*), or equivalent^, 7 = 0(t~^), (B.7) 

k=l 



which, together with the estimates above, yields the desired estimate ( IB. 21) . 

□ 



B.2 Proof of (fOg} 

Recall the asymptotic forms of K{t) and Re(W,e l ^ t W) in (14. 2[) and (lA.26j) . respectively. 
We define functions K, M and Ti to approximate these functions and IV 

:= rUvr-f, 

(B.8) 

M(t) := -2r§7rl 

and t t 

fi(t) := -Z / - s) - K(t)]M(s) f q Sl [1 - X t(si)] <*s. (B.9) 

JO is 

In the following we prove a sharp estimate on r\ and prove that Ti — r\ is negligibly 
small because it decays faster. Recall the definition of fl±(5) in ( I4.24p . and recall that we 
only consider the case S < |. 

Lemma B.l. The function F% is estimated by 

|fi|(0 ^r^n^Wqti^T, (b.io) 

and there exists a constant e(T), with lim e(T) = such that 

T— >oo 

|fi-ri|(t) <t-*- s e(T)\\q t \\ s , T . (B.ll) 
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Proof. We first prove (IB. 101) . By direct computation we find 
|fi| J [(t-s)-5-H]s-tj^ \q Sl \ d Sl ds 



< — 

-(1 



[\(t - - H]«-I(f*- 4 - s l *~ s ) ds \\q t \\ 5>T 



(t - 8 )-H-*- -3 lS —2(t2- d - s~2- d )ds \\q t \\s, T . 



i i • 

2 



(1 - 25)n J (t-s^+t 
Here (£ — s)~^ — has been rewritten as 

(t-s)-*-t-* = (t-s)-h 

(t -s)*+t 
Changing variable, s = tr, we see that 

|f i| < ra-*n 1 (<j) || ft || iiT . 

We proceed to estimating I\ — T\ and prove (IB. lip . We divide r\ — Ti into three parts, 
according to the integration regions: 

T 1 -t 1 = h + I 2 + I 3 , (B.12) 

with I k , k — 1, 2, 3, defined by 

[if ( t _ s ) _ if(t)] J R e (W, e ! iW) jf (1 - X r(si))g ai ds x ds 

[i?(t - s) - K(t)]M(s) J (1 - XT{si))q Sl ds x ds, 



I 2 :=Z / [if (t - s) - if (t)]ite(W, e^W) / (1 - Xt(si))? Si d Sl ds 

JT? J s 

/•t-T3 /■* 

- Z / x [tf (f -s)- K(t)]M(s) / (1 - X T{si))q sl d Sl ds 

Jt~3 Js 

=Z / [(if (t - s ) - if (*)) - (if (t - s) - K(t))]Re(W, e^ s W) / (1 - xr(si))g ai dsids 
+ Z / [ir(t- S )-K(t)][i?e(H/,e^W)-M( S )] / (1 - xr(si))g Sl tfeids 



34 



and 



I 3 :=Z I i \K{t - 8 )- K(t)]Re(W, e^ s W) [ (1 - x T {si))q Sl ds x ds 

J t—T~3 Js 

- Z [ i [Kit -s)- K(t)]M(s) [ (1 - X T(si))q Sl d Sl ds 

Jt-T? Js 

We first analyze I\. When s < Ts and t > T we use (14. 2 j) to obtain 
|tf(t_ 5 )-tf(t)|, \K(t-s)-K(t)\ 



< t -$(t - S)^- ~T + [(t ~ S)- 1 ~ r 1 } + (t- S) 

ta+(t- S )3 



<r*(i + s ). 

Consequently 

\K(t - s) - K(t)\\Re(W,e^ s W)\ + \K(t - s) - K(t)\\M(t)\ < rh~*. 

Plugging this into the definition of I\, we obtain 

i 

|/i| < t- l - & / s-i rf S ||g|k T = r^TillffHa.T < T^t^^||g|| 5 , T . (B.13) 
Jo 

Now we turn to I^. In the region [T"3,t — Ts] the functions and M(i) are good 

approximations of K(t) and Re(W 1 e l ^ t W) . Specifically 

\K(t-8)-K(t-s)\<(\ + t-a)- x 
\K{t)-K{t)\<{l + t)^ 

\Re(W } e^ s W) - M(s)\ <s"i 

By direct computation, 

h < t- X -%\\s,T < T-h-^- 5 \\q\\^ T . (B.14) 
Concerning ^3, it is easy to find that in the region s > t - Ta and t > T, (W, e^ s W) = 

3 

0(t~2). Hence 



\h\ < I x [\t-s\-^ + r 1 -) dsf 

Jt-TZ 

<Th-'- s \\q\\ 5 , T 

<T-h-^- s \\q\\ & ^ T . (B.15) 
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We complete the proof by collecting the estimates above and adopting an appropriate 
definition of e(T). □ 



B.3 Proof of (14261) 

Similarly as for Ti, we start with retrieving the 'main' contribution to IV We define a new 
function V to approximate the function 2Re(W, (iA)~ 1 e l ~ t W) when t is large (see (1A.26j) ): 

1 3 

V := At 27T2. 

We then define an approximation, r 3 , of T 3 by setting 



where, K(t) has been defined in (IB. 81) . 

Recall the definitions of ||g||<5,T and 0,2(6) in (14.121) and (14.241) . respectively, and recall 
that we only consider 5 < |. 

Proposition B.2. There exists a time T > such that, for any t >T 



r 3 : 



ZK(t) [ [V(t-s)-V(t)](l- X T(s))q s ds, 



(B.16) 



r 3 | < t—z 



5 n 2 (5)\\q\\ s ,T. 



(B.17) 



The remainder T 3 — T 3 is estimated by 



r 3 -f 3 | <t~ s e(T)\\q\\ 5jT 



(B.18) 



where e(T) is a small constant satisfying lime(T) = 0. 




Changing variables s := tr we obtain the desired estimate 



f 3 | <r^- s - [ (l-r)~5 



Jo 



1 + (1 -r)5 



1 



rr5-*dr|| 9 || i) r = rHfi 2 ( < J)|| g || fiT . 
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To prove (1B.18|) we transform ^ — r 3 into a more convenient form: 



r 3 -f 3 = Z[K(t)-K(t)}f*[V(t-s)-V(t)](l-XT(s))q s ds 

+ZK(t) f*[V(t -a)- V(t - s)](l - X T(s))q s ds (B.19) 

+ZK(t)[V(t) - V(t)) £(1 - xAs))q s ds 
where the function V(t) is defined by 

V(t) := 2Re(W, (iA^e'&W). 
By arguments almost identical to the proof of (IB. lip we conclude that (1B.18j) holds. □ 



C Proof of M 



In this section we prove inequality (14. 19|) in Theorem 14.21 As in Appendix [Bj we only 
consider the case S < |. The case 5 > \ is considered in [I]. 

Proposition C.l. Let Qi and Q 2 be defined in Theorem and recall the definitions of 
F{P) and B k , k = 0,1,2, in (ET7I) . 

If\Po\< T- 3 , then 

\B (Qi) - B (Q 2 )\(t) «(i + t)- 1 - 5 ||g 1 -g 2 || (5iT , (c.l) 

and, for k = 1,2, 

- B k (Q 2 )\(t) < (1 + - Q 2 \\ s ,t(\\Qi\\s,t + \\Q2\\s,t). (C.2) 

This proposition is proven below. 

Now we use this result to prove the desired estimate (14.191) . 
Proof of gJgD 

We start by estimating Kit — s) — K(t). Using (14.21) . we obtain 
\K(t -s)- K(t)\ <|(1 + 1 - s)-3 - (1 + + (1 + 1 - s)- 1 - (1 + ty 1 + (l + t- s)-i 

= l+t-S "a l+t -2 

(l+t)3 + (l + t-s)3 

+ s(l + * - s)- x (l + t)- 1 + (1 + i - s)~f 
<(! + *- s)"3(l + tyh + (l + t- s)"t. (C.3) 
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Plugging this estimate, as well as (IC.lj) and ( 1C.2|) into f Q \K(t — s) — K(t)\\B k (Qi) 
Bk(Q2)\(s) ds, k = 0, 1,2, we obtain the desired estimate (14.191) . 



□ 



C.l Proof of (ECD 



By direct computation and our estimate on ||e 1 ^* Hl^l 00 we obtain that 

\B (Qi) - B (Q 2 )\(t) < rtll^oll^H^^^W-^W]* - d x W\\ L i 
The right hand side vanishes when t < T. This, together with T ^> 1, implies that 

\B (Qi) - B (Q 2 )\(t) = (1 +t)"f po|Ui|| f d 8 d x W»M-Q'M^ ds|Ui 

<(i + t)-t||A)IUi|IWUi y |Qi(s)-Q 2 (s)| 

<(i+t)- 1 - <5 ||Qi-g 2 || 5 ,r. 

Here the hypothesis of smallness of HAjIU 1 i n Theorem 12. H is used, and we recall that only 
the case 5 < ~ is considered. 

□ 

C.2 Proof of (Ed 

In what follows we only estimate the contributions to B 2 ; the estimate of B\ is similar and 
easier, hence omitted. 

We start with transforming B 2 . Using the formula 
w x s -x t _ w 



J d Sl W x °i~ Xt ds x = J [P S1 ■ d x ] W x ^~ Xt d Sl 



we obtain 

rt 



B 2 (P) = -2vRe{V x W, / Vt^^-A) -1 ^ • d x ] J*[P S1 ■ d x ]W Xs ^~ Xt ) dsxds 

-2vRe(V x W, f* e i t(*- s )(-A) _1 [P s • d x ] J^[P Sl • d x ][W x ^~ Xt - W]) d Sl ds 



-2vRe(V x W, e i #(*- s )(-A)- 1 [P s • d x ] fi[P n ■ d x ] fjP S2 ■ d x ]W x ^) ds 2 ds, 

(C4) 
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Here the fact that the function W is spherically symmetric has been used to see that various 
terms vanish. 

Next, we prove (1C.2|) for k = 2. Among many terms in its expression we only consider 



x 



B := —2uRe(V x W, J e* 2" ( * _s) (-A) _1 [(5i(s) ■ d x ) £[Qi{si) ■ d, 

fjQM ■ d x ][W x °*- x * - W**-**]) ds 2 d Sl ds, 

where X t := X + f*QiS and X t := X + f*Q 2 (s) ds. We rewrite W x ^~ Xt - W x ^~ Xt as 
follows 

w x S2 -x t _ w x 32 -x t = _ f q w x z -x t -x z +x S2 dz 



»2 



[ (Qi(z) - Qz(z)) ■ X7 x w x *- X *- X *+ X °2 dz. 



Consequently 



B = -2uRe(V x W, J* ^(^(-A)- 1 ^) ■ d x \ f^QM) • d x ] x 

AQiW • d x ] [ (Qx(z) - Q 2 (z)) ■ v xW x.-Xt-*.+** ) dz ds 2 ds, ds 

To obtain a decay estimate we have to consider a function J 4 define by 
h :=(V a! T^e < T( t -)(-A)- 1 ( J] d Xki )W Y ^} 

fcj £{1,2,3}, 2=1,2,3 

= (V :c W,e i t ( *- s)+y(t ' S2 ' 2) ^(-A)- 1 ( ] [ d Xki )W), 

fc ; e{l,2,3}, !=1,2,3 

where Y(t, s 2 , z) G M. 3 is defined by Y(t, s 2 , z) := X z — X t — X z + X S2 , with s 2 G [s, t] and 
z G [s2,t]- It is easy to transform J 4 to a form where Proposition IC.21 below, applies, which 
yields 

\h\ ;$(! + *- s) -3 , for any t and s < £. (C.5) 
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Now it is easy to see that, for some constant C, 
\B\<[ (l + t -s)- 3 s-^- 5 I sf*~ S I s~ h ~ 5 [ sP~ 5 ds 3 ds 2 ds 1 ds\\Q 1 \\l T \\Q 1 -Q 2 \\s, T 

J J S J Sl J S'2 

(C.6) 

= C[t^ 35 [ (1 + t- s)- 3 s-^ s ds - St 1 ' 25 [ (1+t- s)- 3 s- 2S ds (C.7) 
Jo Jo 

+ 3t^ s [ (1+t- s)- 3 s^- 3S ds - [ (1 + t- V~ 45 ds] x (C.8) 
Jo Jo 

||Qi|lt r IIQi-Q2lkT. (C.9) 

To estimate the integrals above we divide the interval [0,t] into two subintervals: [0, |t] 
and [§t,t], and denote the corresponding contributions by D\ and D 2 respectively. 

(1) Concerning Di, it is easy to see that 

Di<t- l - 4S \\Q 1 \\l T \\Q l -Q 2 \\ 5 , T 
using the fact that (1 + t — s)~ 3 = 0((1 + t)~ 3 ) and direct computation. 

(2) In the second interval we Taylor-expand the functions s a = t a [l — + ^([^p] 2 )]! 
with a = — | — 8, —25, ~ — 35, and find that the leading terms cancel each other. This 
implies that 

D 2 < r 1 - 45 [ (1 + t- s)- 1 dsWQtWlrWQx - Q 2 \\ 5 , T < r^lntWQxfs^Qi - Q 2 \\ S)T . 
Collecting the above estimates we conclude that 

^W^^^IIQiIIItIIQi-^II^t. (c.io) 

To remove the non-integrable singularity at t — 0, we use the fact that B(t) = 0, for t < T, 
with T > 1. 



□ 



C.3 Some Decay Estimates 

The following result has been used in flC.5j) . 



40 



Proposition C.2. Suppose that the functions f : R + — > C, h : [0, 2n] — > C and y : R + — >■ 

are smooth and satisfy the conditions: 



\y(t)\t 2 < e 0) f or some small constant e > 0; 

\dpf(p)\ < afce~ c °' p ', for any fceN, where a k , c > are constants. 
Then there exist constants C[, I G N, suc/i t/iat 

1/ h(9) e ip2t e ipcos9y Mp l f( P 2 ) dpde\<Q(l + t)- l -¥. (C.ll) 

Proof If y = the proof is standard, (integration by parts). In the present situation we use 
integration by parts and the fact that y(t) is appropriately small. 

For notational purposes, we define functions l\ by 

/*2"7r /»oo 

J/(t) := / h(9) / e ip2t e ipcose v{t) p l f{p 2 ) dp d9. 
Jo Jo 

We prove by induction that 

|/,|<c,(i + t)-^. 

Step 1 For I — 0, we change variables, pH =: r, to obtain 

J = IH J Q 2 " h(9) J °° r-ieV^r'/^-V) drd0 

= |H[J 1 + J 2 ] 



(C.12) 



with 



and 



Jj : = I h{9) [ r -hjrjrhcos6y{t)t */( r V) drd9 
Jo Jo 



/2ir i>oo 
h{9) J r -\ e ir e ir?cosey{t)t-? f ^-l^ ^ 

J\ is clearly bounded. 

To bound J 2 an obvious obstacle is that the function ^ L 1 [0, oo). The way out is to 
integrate by parts, using that 

1 



1 + 1?" ^cos9y{i)t 2 



— 3 [e* r e* r ^ cos dy(t)t 2j ^ir ^ir? cos0y(t)t 3Z 
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and to use that the function 

, 1 



1 + 2cos9y(t)t 2 

is uniformly bounded, for r > 1, as follows from the hypotheses of the proposition. Then 



2tt i-2-k 



h\ < / \h(9) |b(l, 0)11/(0 1 d6+ / \h{6)\ / |5 r [r-^(r,0)/(rV)]| dr dO 



The first term on the right hand side is obviously bounded. For the second term, it is not 
difficult to derive that 

|d r [r-^(r,0)/(rV)]| <r-f + r 1 r"3|/(r 1 r)|. 
Using our assumptions on the function / we find that 

poo 

r 1 i r~^\f'(r 1 r)\ dr < t~v. 



Collecting the estimates above, \J 2 \ is seen to be bounded. This, together with flC.12j) 
and the fact Ji is bounded, implies the desired result. 

Step 2 

In the second step of the induction we assume that flC.111) holds for any k < I. 

Now we estimate The idea is to represent into a linear combination of I1-1 and 
l\ by performing integration by parts on certain variables; (with J_i = 0). 

Integrating by parts, and using the identity — jt~ 1 d p e tp2t = pe ip2t , we find that 

pit /»2oo 

=ir l / h(6) / e ipH d p [e ipcos6 y{t) p l f(p 2 )} dpdO 
Jo Jo 

=r + t~ l K 2 



with 



and 



-I PZ7T POO 

K x := — / cos8h(6) / e ip2t e ipcose y{t) p l f(p 2 ) dpdO 
2 Jo Jo 

■ i-2-k POO 

K 2 :=- h{9) e ip2t e ipcosd y^d^fip 2 )] dpdO. 
2 Jo Jo 

Notice K\ and K 2 are of the form of l\ or J/_x (if I > 1), after defining appropriate 
functions f n ew(p 2 ) and h new {6). Hence the induction hypotheses on I k , k < I imply that 



It 1^1 1 / \ I ' + 1 i + 2 . 1 + 2 

\ii+i\<\t- l y(t)\t-—+r— <r~ , 
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which is the desired estimate on 

Thus, flCTTj) holds for any / G Z+. □ 



D Proof of Theorem 14.31 

We reformulate this theorem in the form of the following lemma. Recall the constant €q(T) 
in Theorem 13. II and the definition of F XT p in (13. 7p . 

Lemma D.l. IfT is sufficiently large and \Pq\, \\(x) 3 (3o\\2 — e o{T) then, for any time t >T, 

\A( X TP)\<e(T)(l+t)-^ s ; (D.l) 



(K(t-s)-K(t)) B ( X tP)(s) ds\<e(T)(l + t)-*\\(x)^o\k (D.2) 
and, for k = 1,2, 

I /W - s) - K(t)) B k ( XT P)(s) ds\ < e{T)r 1 - 25 , (D.3) 
Jo 

where e(T) is a small constant satisfying lim e(T) = 0. 



T->oo 



Proof. We start with proving ( ID. II) . By its definition in (I4.10p . the function A(xtP) takes 
the form 

/t pt 
[K{t -s)- K(t)]Re(W, e^ s W) / P Sl X t(si) ds x ds 

pt pt 

+ Z Kit- s)Re(W,e^ s W)ds / P 81 xt(si) ds x 
Jo Jo 
pt 

+ 2ZK(t)Re(W, (zA)- 1 / [e^ (t - s) - e**'] P s X t(s) ds W). 

Jo 

Using (13.101) we obtain 

\A( XT P)\ < ZT- 1 [J^\K(t-s)-K(t)\\Re(W } e i ^ s W)\ds 

+ | f* K(t - s)Re(W, e*% s W)ds\ (D.4) 

+ \K(t)\ £ iReiW^tA)- 1 ^-^ -e'^W}] ds]. 
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As proven in (IB. 2D , the second term on the right hand side is of order t 2 . 

We now turn to the remaining two terms. For Re(W } (iA)~ 1 [e t ^'^ s ^ — e l ^' t ]W} } in the 
last line, we use estimates similar to ( 1C.3j) to conclude that 

\Re(W, (iA)- x [e^- s ) - e^W)] < (1 + t - s)"3(l + t^s + (1 + t - s)~ l . 
Putting this and (1C.3j) back into (1D.4j) . we obtain 

\A( X tP)\ ^-'[(l + t)- 1 [ T (l + t - «)"'-— ^-nr da + f\l + t - 8 )-\l + s)'l ds 

Jo (1 + S)2 Jo 

+ (l + t)~i / (l+t-s)~h tfo + (l+t)~W (1 +*- s) _1 ds] 
Jo Jo 

<T-i(l + t)-5- 5 , 

where, to obtain the last line, we consider two regimes, t G [T, 2T] and £ > 2T. 
The proof of ( ID. II) is completed by setting e(T) = T~^. 
To prove ( ID. 21) we use standard arguments to conclude that 

I^o(Xt^P)| < IK^^e-^V^^blK^^olb < (l + t)- 2 ||(x} 4 /3 ||2. 
This, together with (1C.3j) and the fact t > T, implies ( TD.2j) . 

To prove (ID.3[) we only estimate B lt the estimate on B 2 being very similar. 
Recall the definition of P t . Applying the formula 

w x -x s _ w = / d ^ w x -x Sl dsi = / [ Psi . d ^ w x -x ei dsi 
Jo Jo 
we rewrite the expression for B\ : 

B 1 {P)=2uRe(V x W, e^(-A)- 1 f [P s ■ d x ] [ [P Sl ■ d x ]W x °~ x ^) d Sl ds. 

Jo Jo 



Define 

ft 



X t :=X + I xtPs ds. 

Then 

Bi(xtP) 



~-2uRe(V x W, e^'(-A)- 1 f [P. ■ d x ] [ [P 8l ■ d x ]W Xo ~ x ^ > d Sl ds. 

Jo Jo 
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By the estimate on xt-P* in (I3.10p . it is easy to see that 



f XT \P s \ds= [ X T\Ps\ds<T-\ (D.5) 
Jo Jo 



>o Jo 

By a similar argument as in (1C5|) . we may apply Proposition IC.2l to find that 



\{V X W, e^X-X)- x d Xk d Xl W x °-^)\ < (l+t)-\ 
for any si G [0, t]. This, together with (I3.10p . implies that 

i£i(xTP)i<(i+tr 2 T- 2 

which, together with (IC.3j) . implies flD.3j) . 

□ 



E Some Heuristic Ideas Underlying ( 14.91 ) 



We emphasize that the non-rigorous discussions in this subsection is NOT used in any other 
parts of the paper. 

In this section we present the ideas underlying Eq. (14. 9ft . which is the key equation in 
our proof of the most important result, Theorem 14.21 

To save space we only consider the linear part of (13.81) . which corresponds to the following 
equation 

q t =ZRe(W, e^W) / q s ds - ZRe(W, / e^ (t " s) q s ds W) (E.l) 

Jo Jo 

qo =l- 

By repeating the arguments used to prove Theorems 14.21 and 14.31 we prove that the solution 
q t belongs to the Banach space Bs,t- 

We divide our discussion into two parts: In subsection IE.lt we present the ideas behind 
constructing (14. 9p . assuming that \q t \ < const t~2~ s for some 5 > 0. In subsection IE.2| we 
present a heuristic argument to show that \qt\ < const t~?~ s , for some S > 0. 

E.l Ideas underlying (14. 9 p 

Recall that (14.91) is obtained by subtracting from (14. 6 h the product of (14. 71) with the 
function K{t). 
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We define a constant 

poo 

Co := qo-2Z / Re{W, (iA^e'^'W) q s ds. 



Lemma E.l. If the function q satisfies the estimate \q t \ < ct 2 & ) for some S > 0, then 

C = 0. (E.2) 

This lemma will be proven shortly. 

For technical reasons, it is hard to prove that \q t \ < Ct~^~ s , even after imposing Co = 
on (I4.6p . Instead we search for a new equation containing Co. A natural candidate is (14 .7p . 
which is obtained by integrating both sides of (13. 8 j) from to t. The key observation is: 

Lemma E.2. If the function q satisfies the estimate \q t \ < ct~z~ 5 , for some 5 > 0, then 
(14. 7p can be rewritten as 

q t = C + O(r 5 ). (E.3) 

The proof of this lemma is almost identical to that of Lemma IE. It 
By Lemmas lE.ll and IE.2I it is natural to consider Eq. (14.91) . as we did. 

Proof of Lemma IE. II 

The key point in proving the lemma is to show that 

t ps pt ps 

K(t-s)Re(W, e^ s W) / q Sl d Sl ds = K(t) / Re{W, e^ s W) / q Sl d Sl ds + 0(t~ ^ s ). 



(E.4) 

Suppose this holds. Then by integrating by parts in the variable s and the assumption that 
Qt < Ct _ 2 _<5 , we find 



t ps 

A , 



K(t-s)Re(W, e l ~ s W) / q Sl d Sl ds 
Jo 

- 2K(t) / Re(W, (iAy^'W) q s ds + C(H~ a ) 







poo 

2K(t) / Re{W, (iA^e^W) q s ds + 0(r^-* > 
Jo 



which, together with the estimate Re(W, (iA) 1 e t * t W) = 0(t 2) proved in (1A.26[) . obvi- 
ously implies (IE. 2[) . 



4G 



Now we turn to f ]E.4j) . Define a function / : [0, oo) — > R by 

f(t) := Re(W, e l ^W) [ q si ds x . 



Our assumption on q t and the estimate Re{W, e l 2 t W) = 0(t 2) in (1A.26|) imply that there 
exists a constant C\ such that 

|/(t)| < ^(1 + t)- 1 - 5 . 
To prove flE.4j) it is sufficient to prove that 



\ K (t _ S ) _ tf(t)||/( s )| d s = 0(r*-«). (E.5) 

To see this we use the asymptotics of the function K in ( 14. 2 p and obtain that 

[ t \K(t-s)-K(t)\\f(s)\ ds 
Jo 

<[ [(t-syv-r^ii + s)- 1 -* d s + [ [(i + t- s )-l + (i + t)-l](i + s y 1 - 5 ds. 

Jo Jo 



The second term on the right hand side is of order t 1 5 . For the first term, we use the 
observation that 

< (t - s)~5 _ t~h =(t- s)~h~* r < - sy^s. 

A direct computation then shows that it is of order t~^~ 5 . 
Hence (IE.5P is proved. 

□ 

E.2 Best Decay Estimate 

Here we consider the decay estimate for the solution of the linear integro-differential equation 
( lE.ip . Recall that Z is a positive constant, W : M 3 — > R is a spherically symmetric and of 
rapid decay. 

We consider two possibilities: The solution q decays faster and slower than t" 1 , respec- 
tively. In the first case we have the following result. 
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Theorem E.3. Suppose that the solution q : R + — > R of (lE.lj) satisfies the asymptotic 
form 

q t = Cr 1 ^ + 0(r 1 ^- £ ), as t-> oo, (E.6) 
for some 5 G (0, |) and e > 0. T/ien i/ie constant 5 must satisfy the equation 

e -*r 5 di = / e-H- l 2- 5 dt. (E.7) 

i??/ computer simulation there exists exactly one solution 5, which belongs to the interval 
(0.15,0.17). 

In the second case we have the following result. 

Theorem E.4. There does not exists 5 G (0, ~) such that the solution q : R + — > R of 
Eq. ( lE.ip /jcjs t/ie asymptotic form 

q t = Ct-*- s + 0(H- 5 - e ), (E.8) 
/or some e > 0. Equivalently, there is no 5 G (0, ~) suc/j i/iai £/ie following equation holds: 



1 



oo 



e -V 5 di = / e"**"* - * dt. (E.9) 



5(1 - 25)^ 

The two theorems will be proven in Sections IE.2.1l and IE.2.21 

The general ideas of the proofs are simple. We Fourier-transform both sides of ( IE. lj) 
and look for possible values of 5 consistent with that equation. 

To prepare for the proof we begin with deriving a convenient expression for q t . By Fourier 
transformation we find that 

(A) 

e ikt q t dt = -l-ik / e lkt q t dt. (E.10) 



(B) 

poo pi poo 

- e ikt Re{W, e i ^' ) q 8 dsW)dt = G(k + iO) e ikt q t dt (E.ll) 
Jo Jo Jo 

where G(- + iQ) : R — > C is the function defined in (1A.1I) . 
Define a function \P : R — > C by 

/*oo />£ 

(fc) : = / e ikt Re{W, e^W) / q s dsdt. (E.12) 
Jo Jo 
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Then the computations above and (lE.ip imply that 



CO 



e>- qt dt. 1 + Zm 



ik + ZG(k + iO)' 
To simplify this equation the following observation is useful. 

Lemma E.5. If \q t \ < c(l + i)~z~ e for some positive constants c and t, then we have that 

1 + Ztf(0)=0. (E.13) 

Proof. By the definition of ^> it is enough to prove that 

i-T t-t 

\ Re(W, / e l ^ {t - s) q s ds W)dt ->• 0, 
Jo Jo 

as T — 7- oo. To see this we use simple integration by parts in the variable t to find 

/ Re(W, [ e^ (t - s) q s ds W)dt = Re(W, e^ T (iA)" 1 ^) f q s ds. 
Jo Jo Jo 

The lemma follows from the observation that (W, e t ^ T (iA)~ 1 W) = 0(T~%). □ 
This result implies that 



oo 







e% * = -?'*<*> 7, * (0) ' (E.14) 
H ik + ZG(k + iO) K ' 



In the following we prove the two theorems, using the equation (IE. 141) . 



E.2.1 Proof of Theorem IE. 31 

We assume that k > 0. This suffices thanks to that the positive k and the negative k differ 
just a complex conjugation of (1E.14j) . 



We first analyze the term \l/ in (1E.14j) . By direct computation 
gr(jfe) = J™ e^ReiW^e^W) J^qs dsdt 

(E.15) 

= J °° e lkt Re{W, e l ^ l W)dt J °° q s ds - J °° e lkt Re(W, e&W) J t °° q s dsdt 

Notice 

poo 

/ e ikt Re(W, e^ l W)dt = -G(k + iO) 
Jo 
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where the function G is defined in ( lA.lj) . 



Next, observe that part of the integrand, Re(W,e l i t W) f°° q s ds, in the second term is 
integrable on [0, oo). 

- J °° e ikt Re(W, e^W) f t °° q s dsdt 

= jo°° eiktd tijr Re ( w i e ' #w ) r 9-1 ds ^ ds \ dt 

= - J °° Re(W, e^ s W) q Sl d Sl ds - ik J °° e ikt [J t °° Re(W, e^ s W) q Sl d Sl ds] dt 

(E.16) 

The second term on the right hand side vanishes when k = 0. This, together with the fact 
G(0 + iO) = and flKl5|) . implies that 

Re(W,e^ s W) J q si d Sl ds = *(0). 

Collecting these estimates we find that 

tf(fc) - tf(0) = + iO) / g s rfs + F(A;), (E.17) 

Jo 

where the function Y is defined by 

/*oo ^oo /*oo 

Y(k):=-ik e ikt [ Re(W,e l ^ s W) q Sl d Sl ds] dt. 

JO Jt Js 

Expressions (1A.26I) show that 

-/ Re(W,e^ s W) q si d Sl ds = C-vrf -= 1~ ^ 5 + t~ *- s ~ £ , as t -»■ oo 

Jt Js j + 5 

where the constants C and e are the same as those in Theorem IE. 31 
For positive, and small fc, the function K in (1E.17j) has the form 



i 2 3 i f 00 i 
Y(k) = C-i -TT2k2 +s / e lt r^ 5 dt + correction. 

By deformation of the integration contour we find that 

/»oo rioo poo 

/ e^H -5 dt = / e ft rH dt = / e -*rH (E.18) 
Jo Jo Jo 
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Hence 

r oo 



C 2 3 f°° 

Y(k) = —i Trii-h- s k^+ s e~H~^~ 5 dt + correction. (E.19) 

K J 1 + 5 6 J 

For the term on the left hand side of (1E.14|) we use the assumption in Theorem IE.3I to 
arrive at 

/ °° e iht q t dt = - J °° e ikt d t f t °° q s dsdt 

= J °° q s ds + ik J °° e lkt q s dsdt 
By the assumption on q in Theorem IE.31 we find 

/ °° e tkt q t dt = j °° q s ds + C l -j / °° e ikt t~ 5 dt + correction 

(E.20) 

= J Q °° q s ds — C 1 —^- J °° e~ s s~ 5 ds + correction, 

where in the last step we deform the contour of integration as in (1E.18j) . 

We now return to ( 1E.14|) . Observe that the term J °° q s ds appears on both sides. Hence 
they cancel each other. Next, we compare the terms of order k s . Recall that G{k + iO) = 
(i -fyt*k* + 0{k) in flA3|) . This, together with flRTTj) . flRl~9]) and flR20j) . implies that 
if (IE. 14[) holds then we must have that 



e-H- 5 dt + r^ , \ / e^rs-- 5 dt = 0. 



^F(| + 5) 

Using that = + i), we conclude that Theorem IE.3I holds 



E.2.2 Proof of Theorem IE. 41 

We start with Equation ( IE. 141) . It is enough to consider the case k > 0. 
Recall the definition of \1/ in ( 1E.12[) . By direct computation 

V(k) = - r o °° e ikt d t f t °° Re(W, e^ s W) f Q s q Sl ds ± dsdt 

= j °° Re(W, e*T'W) f° q si ds x ds + J °° ike ikt j t °° Re(W, e'T'W) f* q si ds x dsdt 

(E.21) 

We observe that the second term on the right hand side vanishes at k = 0. Hence the first 
term, which is a constant, must be \I/ (0) . 
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We now evaluate the second term. The assumption on q in Theorem IE.4I and the 
asymptotic form for Re(W, e l ^ l W) in (1A.26|) imply that 

Re{W 1 e i ^ t W) \ q s ds = — j -ttV 1 -' 5 + Oft- 1- * -6 ), as t -> oo; 

JO 9 ~ & 



hence 



/ ite^e^W) / g sl (folds = -— = -vr§r 5 + 0(r 5 ~ e ). (E.22) 

Plugging this into flE.21|) we find that, for k > small, 



#(Jfe) - tf(0) = -^z^Trifc* Jo 00 ei * r5 rft + correction 



2C -S^uS 



I 7T2 



fc" 5 J °° e *i 5 (it + correction. 



<5(|-<5) 

For the term on the left hand side of ( IE. 141) 

J °° e tkt q t dt = Ck~^ +S J °° e lt t~^~ s dt + correction 

= Ci^~ 5 k~^ +5 J °° e~H~^~ s dt + correction 

Identity (jETTil) and (1R231) . flK24l) . f[Ql) imply that 



which is Theorem IE.4I 



e-H- 8 dt-2n^ e~H~^~ s dt = 0, 



(E.23) 



(E.24) 
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